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1. LCL us cons1der a aiven reach of a river. Variuti0P of
the ｾ ｵ ｬ ｬ ｵ ｴ ｡ ｮ ｴ concentration in the water with time ａ ｬ ｯ ｮ ｾ a
qivEn n:!ach of the river cen be described ry the equation*)
=at 1 a (r:c) _ KC + <$A ax (1)
c = thE"' concentration of pollutant
Q - t.l1.(' rivf:r flow in thp section of the river vIe
are considerinu
l\
-
ｴｨＨｾ cross-section area
K = the decay coefficient of the first order reaction
(; :: t!le amount of Dollutant added or withr1 ra\'m fr<;m
t.he stream per unit of time and unit of volume
x = the distance alOlHl the river
t :: time
,
In equation (1) the niffusion term ｄ Ｈ ､ ｾ ･ Ｏ ｡ ｸ Ｒ Ｉ is omi.tted
(D is the diffusion coefficient for the pollutant). This
represents a reasonable approximation when the mean velocity
of the stream is high relative to the ｬ ｯ ｮ ｧ ｩ ｴ ｵ ｾ ｩ ｮ ｡ ｬ dispersion.
If we ｡ ｳ ｳ ｵ ｭ ｾ that the flow is stationary, then (ae/3t) = 0
and equ3tion (1) reduces to the form
d (nc). :: -KAC + A6
dx
*) See, for example, reference [8].
(2)
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It describes the variat1.on of pollutant concentration along
the river. We can write the equation (2) in a finite differ-
ence form for the i-th reach of the river (see fig. 1).
( 3)
Here
Ci and Ci +l - the concentration of the pollutant at
the beginning and end cross-
sections of the i-th reach uf the river,
Qi and Qi+l = the river flows cominq to the i-th
reach lJer unit of time and <-roing aw..ｾｹＬ
correspondingly,
K. = the decay coefficient of the' first ordE:r reac-
ｾ
tion for the i-th reach,
o. - the amount of pollutant added or withdrawn from
1
the stream per unit of time and unit of volUlne
at i-th reach,
A. = the average cross-section area for i-th reach,1.
ｾｸＮ = the length of the i-th reach.1.
EquatiCJn (3) describes the conservation of the pollutant
mass at i-th reach of the river and could be obtained directly
but not as the finite difference analog of equation (2).
Equation (3) could be rewritten in the form
= G. + Z. - 0:1'1. 1. (4)
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where
G = C Q. (5)1 1. 1
Z. = ａｾｸﾷｯＮ (6)1 1 1 1
(1. = ｋＮａＮｾｸＮｃＮ (7)1 1 1 1 1
G. and Gi +l = the amount of pollutant coming to
the i-th reach per unit of time and
going a\iay, correspondingly,
z. = the amount of pollutant added to i-tIl reach ()f
1
river by industries, cities, agricultural rlliloff
during a unit of tilfie.
(1. = the amount of pollutant rerouved from i-th redch
1
of the river per wlit of time by the ｰ ｵ ｲ ｩ ｦ ｩ ｣ ｾ Ｇ ｴ Ｍ
t10n process. This is due to depcsiti0n nnd bio-
chemical oxidation which convert the pollutant
into another, perhaps less degrading, form.
Note that in (3) and (7) we suppose that purification of the
river at i-t.h reach depends on the concentration of pollutant
comin9 to this reach. But it is more natural to assume that
it depends on some average concentration Ci
where (l is some weighting coefficient
o < a < 1
(8)
Ｈ ｾ Ｉ
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Then ｦ ｕ ｾ ｬ ｔ ｉ ｵ ｬ ､ (7) will take the form
0, = K,A.6x·fdC. + (1 -a)C1.·+lJ1. 1. 1. 1. . 1. (10)
and from e,]uatiun (3) we get the equation fur the output con-
centration at i-th reach
G. + Z. - ｵｋＮａＮｾｸＮｃＬ1. 1. 1. 1. 1. 1. ( 11)
Here 'ole ｨ ｡ ｶ ｾ used the equation of conservation of the
fluw at i-tll reach
where
Ci +l = Q. + R. - S.1. 1. 1. (12)
R. = the total inflow f:nm\ tributaries, surface1.
flow, underground water and so on, coming to
the i-th reach,
s. = the water supply from i-th reach for industries,1.
cities, irrigation systems and so on.·)
Value Z. in equations (4) and (11) ｣ ｾ ｵ ｬ ､ be qencrally expressed1.
as the sum
Zi = ZR. + ZI. Zs. (13)1. 1. 1.
where
ZR. = the amount of pollutant contributed by tribu-1.
taries and surface runoff,
*)Values Ri and S., .in general, could also include water comingfrom and water puE 1.n storages from the river, correspondingly.
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= the amount of pollutant from industries,Z1.
1.
Zs. =
1.
the amount of pollutant removed by \later supply.
Each of these components can be presented in more ､ ･ ｴ ｡ ｾ ｬ ･ ､
form. r'or example, for ZS. we have
1.
'7 = rue + (1 - a)e. 1· s.
"'s. '. 1. 1.+1, 1.
1.
and then l'<.jUdtioll (11) can be rewritten as follows
G. + ZR. + Zr. - uC. (S. + K. A.!l x. )
C. 1 1. 1. 1. 1. 1. 1.= 1. 1.1.+
Q. + R. - S. + (1 - (1) (8 i + Ki Ai6xi.)1. 1. 1.
(14)
( 15)
As was indicated in equati.on (9) the coefficient in ｴ ｨ ｾ
above formulae can take any value from 0 to 1 and can be
estimated on the basis of additional physical conditions or
in connection with a desired finite-difference approximation.*)
The relaticnt Bj could be re'toTri tten in the follo'l'o.rinq fcrrr
(B')
where ｾ ･ Ｎ = e. 1 - e. is a small value in compariscn with1. 1.+ 1.
e.. 'l'hat means that even if we take e. = e. in the ｾ ｵ ｲ ｲ ･ ｳ Ｍ
1. 1. 1.
ponding formulae as a = 0, the error will be small enough.
Therefore let us consider the case where ｾ is defined
by fonnula (7) which after employing equation (5) will take
the form
cr·1.
G.
1.
= K.A.6x.-
1. 1. 1.0 .1.
(16)
*)some recommendations concerning the choice of the coefficlent a
have been discussed in many papers. See, for example, (4) (po 9),
(2) (p. 128) and (8) (p. 134)
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Using (16) it is possible to ｰ ｲ ･ ｰ ｡ ｲ ｾ the table (matrix) for
a, which depends on two parameters: G and B = ｋｾｸＯｑ (see
TaL1e 1). In addition, we can prepare a table (matrix) des-
cribing the concentration C, which also depends on two para-
meters: C c'lHd (2 (see 'l'able 2).
rl'clb1es land 2 allow us to solve the problem of pollution
distribution along the river as a network flow problem, taking
into aCcowlt the discharge of pollutant into the river as well
as the process of ｳ ･ Ｑ ｦ Ｍ ｰ ｵ ｾ ｩ ｦ ｩ ｣ ｡ ｴ ｩ ｯ ｮ Ｎ Table 1 supplies a for
a l"fiven Gi and Qi when we solve the systems (4) and (12)
and Table 2 allows us to go from constraints on concentration
*C . .::: C., C.> 0,
1. 1. 1.-
i=l, ••• ,N ( 17)
to some "matrix" constraints on Gi for each given (\. \ve will
not touch now on the problem of the accuracy of the tables nor
the possible ways of interpolation since this has no funda-
mental significance.
2. Some problems of optimal control can be formulated for
pollution distribution in the river. It seems interesting,
for ･ ｸ ｮ ｮ ｾ ｬ ･ Ｌ to consider the following problem:
Find the maximum possible discharge of a given pollutant
along the N reaches of the river
N-1
max {n = I Zi}' Zi > 0, i = O,l, ••• ,N - 1 Ｈｬｅｾ
J=O,
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under the cundition that concentration at those reaches doeL;
not exceed the given standard values.
Value Z. is related to the concentration by the equation
1.
ｾ Ｎ = -(Q. - K.A.6x.)C. + Q'+l C·+l '1. 1. 1. 1. 1. 1. 1. 1. ( 19)
which fcllO\l's from (3) and (6) or from (11) :md (12) at a = 1.
1.'he syst.em of equations (19) for all reaches of the river
(i = 0,1, ••• , N-l) could be presented in matrix form
z = t-1C (20)
where C and Z are vectors of concentration and discharge (or
removal) of pollutant, ｣ ｯ ｲ ｲ ･ ｳ ｰ ｯ ｮ ､ ｩ ｮ ｾ ｔ ｬ ｹ Ｌ anJ. ]vi is a square m.:.t-
trix \vhich relates the Z' sand C' s. The ｭ ｾ ｾ ｴ ｲ ｩ ｸ 1,1 hi.S CJl inter-
esting form. It is shO\l1n in Table 3. Note that this is a
square diagonal matrix with ,elements on the main diagonal
and on the diagonal directly above the main one. All other
elements are zero.
The value (UO - ｋｏａｏｾｸｏＩｃｯ which must be specified for
the "O't.th reach according to boundary conditions can be inclu-
ded in the first element of vector Z
Z I
o (21)
Equation (19) at i = 0 then takes the form
Z·() (19"
There could be a few approaches to the water quality
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problem. ｾ Ｂ ｬ ･ may, for instance, solve the problem of quanti-
tative distribution of the water first, without consideration
of its quality. Then, on the basis of that solution, we could
solve the problems of water quality.
Following this approach, the problem of maximmn possible
discharge of the pollutant along the river, as indicated above,
can be tOrIlIuj a tud as follows
N-l
max {R = )" z.}u l.i=O
ｳ ｵ ｢ ｪ ･ ｣ ｴ ｾ ､ to
Z - He = 0
ik-
e < c
z > u
(18)
(20 1 ｾ
(17' )
(22)
Up to this l:>oint we have not mentioned the ｰ ｯ ｳ Ｚ ｾ ｵ Ｎ ｢ ｩ ｬ ｩ ｴ ｹ
of artificial purification of the polluted wClter. The
inclusion of treatment plants in the model ｳ ･ ｬ ｾ Ｚ ｮ ｳ n(;l:essary
when we formulate the benefit-cost problem for the use of wdter
in a given regicn.
I f we assume that a given vector Y is the amOt!,lt of pul-
lutant discharged into the river after treatment, t.'1en the bcne-
fit-cost problem for treatment to achieve il given \ov'dter quality
"standards" can be formulated as follows:
min hdY - Z)}
subjected to
(23)
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z
-
He = 0
*c < C
Z < Y
:!: > (j
(20 1 )
(17')
(24)
(22)
ｗ ｩ ｈ ｾ ｲ ･ Ｉ Ｎ ｬ is u vector of \Jd8te treatment cost coefficients for
Jiffercnt rel.lches of the river. \ole assume here for simplicity
that treatrnant cost 1'i -For 8N:h rei:ich is a 1 iT1eCJr funct:ion of (Y. _'1" J •
.'t. l.
In cJ .1Iure general case, \'>'hen T. = f.(Z.) is a concave function,
1. 1. 1.
it could be reduced to a linear function by piece-wise lineuriza-
tion of the concave function f i •
'l'he uptimal treatment problem could bE! solved for diff(..;!rent
values of ｴ ｨ ｾ vector Y, i.e. different alH'rnatives of waste-
source distribution in a given region. 'l'his means that it is
possible to compare different locations and outIJut of waste-
sources and find the best one from the point of minimal cost
of polluted water treatment. It is clear that water quality
requirements can be met in at least two ways: (1) by de-
creasing the discharge of pollutant Zi and (2) by increasing
the flow of the river Qi. Combining the water supply and the
water quality problem is more difficult than the former prob-
lems for several reasons, among them: increasing the number
of variables and equations relating them1 transforming some
"constant" coefficients in the relationships, such as y. and
l.
A., into functions of river flow Q.• As a first step, we
1. 1.
might be able to neglect the variations in K. and A. as a
1. 1.
function of Q.. But we still have to deal with the non-
1.
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linear relationship among Q, Z and C.
One approach to the nonlinear water supply and water
quality management problem was suggested by w.o. Spofford
(see l7) ,.) • He showed how it is possible to make problems
linear by removing nonlinear constraint sets and substitu-
tiul...f ｴｨｾｭ in the objeetive function as a specially ｴ Ｌ ［ ｯ ｮ ｳ ｴ ｲ ｵ ｣ ｴ Ｈ ｾ ､
penalty function for exceeding water quality standares.
RO R1 R2 -IL l)\J-2 ｾ Ｍ Ｑｾ
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